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Abstract. In the 1-parameter family of Berger spheres {S^, a > 0} 
(§f is the round 3-sphcrc of radius 1) wc classify the stable constant 
mean curvature spheres, showing that in some Berger spheres (a close 
C to 0) there are unstable constant mean curvature spheres. Also, we 

classify the orientable compact stable constant mean curvature surfaces 
in , 1/3 < a < 1 proving that they are spheres or the minimal Clifford 
00 torus in S'1/3. This allows to solve the isoperimetric problem in these 

Berger spheres. 

o 
q 

1. Introduction 

2 Let $ : S — > M be an immersion of a compact orientable surface in 

Ch a three dimensional oriented Riemannian manifold M. The immersion $ 

has constant mean curvature if and only if it is a critical point of the area 
^ functional for variations that leave constant the volume enclosed by the 

surface. So, it is natural to consider the second variation operator for such 
an immersion $. This operator, known as the Jacohi operator of $ is the 
Schrodinger operator L : C°^(S) C°^(S) defined by: 

^ L = A + |cj|2+Ric(Af), 

where A is the Laplacian operator of the induced metric on S, a is the 
second fundamental form of iV is a unit normal field to the immersion 
and Ric is the Ricci curvature of M. Let Q : C°°(S) — ^ M be the quadratic 
form associated to L, defined by 

^ Qif) = - f fLfdA = [ {\Vf\'-i\a\' + mciN))f}dA. 

In this context we say that $ is stable if the second variation of the area 

is non-negative for all volume preserving variations, i.e. variations whose 
variational vector field fN satisfies Jj. f dA = 0. So the stability of $ means 
that 

(1.1) (5(/)>0, V/gC7°^(S) with J fdA = 0. 

The first stability results of constant mean curvature surfaces are due to 
Barbosa, DoCarmo and Eschenburg ([BC, BCE]) where they proved that 
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the only stable compact orientable constant mean curvature surfaces of the 
Euclidean 3-space, the 3-dimensional sphere and the 3-dimensional hyper- 
bolic space are the geodesic spheres (in fact they proved the result not only 
for surfaces but for hypersurfaces in any dimension). Later Ritore and Ros 
[RR] studied stable constant mean curvature surfaces of 3-dimensional real 
space forms, proving that stable constant mean curvature tori in three space 
forms are flat and classifying completely the orientable compact stable con- 
stant mean curvature surfaces of the three dimensional real projective space. 
Also Ros [R3] studied stability of constant mean curvature surfaces in M^/F, 
r C being a discrete subgroup of translation with rank /c, proving that 
the genus of a compact stable constant mean curvature surface in M^/F is 
less than or equal to k. Finally Ros [R2] improved many previous results in 
which the genus of an orientable compact stable constant mean curvature 
surface was bounded below. He proved that the genus g of an orientable 
compact stable constant mean curvature surface of an orientable three di- 
mensional manifold with nonnegative Ricci curvature is 5 < 3. 

In the last years, the constant mean curvature surfaces of the homoge- 
neous Riemannian 3-manifolds are been deeply studied. The starting point 
was the work of Abresch and Rosenberg [AR] , where they found out a holo- 
morphic quadratic differential in any constant mean curvature surface of 
a homogeneous Riemannian 3-manifold with isometry group of dimension 
4. The Berger spheres, the Heisenberg group, the Lie group S'L(2,M) and 
the Riemannian products §^ x M and x M, where and are the 
2-dimensional sphere and hyperbolic plane with their standard metrics, are 
the most relevant examples of such homogeneous 3-manifolds. Souam [S] 
studied stability of compact constant mean curvature surfaces of x M and 
X M. In the case of x M he classified the compact stable constant mean 
curvature surfaces, proving that they are certain constant mean curvature 
spheres. 

In this paper we study stability of compact constant mean curvature sur- 
faces in the Berger spheres. The Berger spheres are a 1-paramctcr family of 
metrics {g^ , a > 0} on the 3-dimcnsional sphere which deform the standard 
metric gi. Section 2 describes and shows the most important properties of 
these 3-manifolds. Our first result is the classification of the stable constant 
mean curvature spheres (Theorem 2), showing that in almost all the Berger 
spheres they are stable, but there are some Berger spheres (with a close 
to 0) in which some constant mean curvature spheres are unstable. The 
proof of Theorem 2 can be adapted to other homogeneous Riemannian 3- 
manifolds. Theorem 4 proves that all the constant mean curvature spheres 
in the Heisenberg group and in the Lie group Sl(2, M) are stable. The main 
idea in the proof is to realize that the quadratic forms associated to the 
Jacobi operators of all the constant mean curvature spheres of the Berger 
spheres, the Heisenberg group and S1(2,M) are the same. 

Perhaps one of the most surprising facts in the paper appears in Propo- 
sition 5, where we construct examples of stable constant mean curvature 
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tori in certain Berger spheres, those with a < 1/3 (when a = 1, i.e. in 
the round sphere, only spheres can be stable [BCE]). Section 6 establishes 
two stability results (Theorems 6 and 7). The first one proves that for the 
Berger spheres with ai < a < 4/3, ai 0.217, the compact stable constant 
mean curvature surfaces must be spheres (in this case all of them are stable) 
or embedded tori. The second one, for the Berger spheres with 1/3 < a < 1 
(«! < 1/3), classifies completely the compact stable constant mean curva- 
ture surfaces, proving that they are spheres or a = 1/3 and the surface is 
the Clifford torus (which is also minimal in this Berger sphere) . 

One of the most important ingredients in the proof of Theorems 6 is to 
consider the Berger spheres as hypersurfaces of the complex projective plane 
or the complex hyperbolic plane (see section 2) and to use a lower bound 
for the Willmore functional of surfaces in these four manifolds obtained by 
Montiel and Urbano in [MU]. In the proof of Theorem 7, and because 
the Berger spheres appearing in it (1/3 < a < 1) are hypersurfaces of the 
complex projective plane, we can consider, via the first standard embedding 
of the complex projective plane in M^, the surfaces of these Berger spheres 
as surfaces of M^. So we can use the functions X : R^, X being a 

harmonic vector field in the surface, as test functions to study stability. The 
idea to consider harmonic vector fields to study stability had been used by 
Palmer [P] and Ros [R2, R3]. 

Finally, in the last section and as an application of our results, we solve 
the isoperimetric problem for the Berger spheres S^, 1/3<q;<1. 

The authors would like to thank A. Ros for his valuable comments about 
the paper. 

2. Berger spheres 

Let S'^ = {{zjw) G I |zp + |wp = 1} the unit sphere, g the standard 
metric of constant curvature 1 on and V the vector field on the sphere 
given by 

V(z,w) = {iz, iw), {z, w) eE>^. 

On there are a 2-parameter family of Berger metrics, but up to homoth- 
ecy, this family is reduced to the following 1-parameter family of metrics 
{da, a > 0}, defined by 

ga{X, Y) = g{X, Y) + {a - l)g{X, V)g{Y, V), a > 0. 

We note that gi = g and that gai^jV) = Q^- Along the paper we will 
discover the big difference between these metrics depending of the sign of 
a — 1. From now on will denote by = (§^, (;„). 

Some important and well-known properties of these Riemannian 3-manifolds, 
which will be taking into account along the paper, are the following: 

(1) a 7^ 1 are homogeneous Riemannian manifolds with isometry 
group U{2). 
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(2) The Hopf fibration U : §2(^1/2), defined by 

U{z,w) = {zw, ), 

is a circle Riemannian submersion onto the 2-dimensional sphere of 
radius 1/2, witli totally geodesic fibers and the unit vertical vector 
field F = is a Killine; field. The bundle curvature is ^/a. 

(3) The Ricci curvature S of is bounded by 



S> 



when a < 1 
a), when a > 1. 



(4) The scalar curvature of is 2(4 — a). 

Now we are going to identify these Berger spheres with nice hypersurfaces 
of very well-known Riemannian 4-manifolds. This approach to the Berger 
spheres will be crucial in the proof of some results in the paper. 

Let M^(c), c / be the complex projective plane Cp2(c) of constant 
holomorphic sectional curvature 4c when c > and the complex hyperbolic 
plane CM'^{c) of constant holomorphic sectional curvature 4c when c < 0, 
i.e. 

M\c) = {[{zo,zi,Z2)]\zj eC, ^\zo\^ + \zi\^ + \z2\^ = ^}. 
Proposition 1. Let : ^ M^(l - a), a / 1 be the map given by 

V I-*- ~ 

Then is an isometric embedding of the Berger sphere into M^(l — a) 
and 

Fa{Sl) = {[{zo, zi, Z2)] G M^(l - a) \ |zoP = a/|l - a|} 
is the geodesic sphere of M.'^{1 — a) of center — a\, 0, 0)] and radius 

" 1 ^'^^^^h:^ when a>l. 

We omit the proof of Proposition 1 because it is straightforward. Note 
that the Berger spheres with a < 1 are geodesic spheres of the complex 
projective plane, whereas the Berger spheres §^ with a > 1 are geodesic 
spheres of the complex hyperbolic plane. 

Now we are going to show that other important homogeneous Riemannian 
3-manifolds can be also view as hypersurfaces of CH^. 

First Tomter [To] showed that the Heisenberg group Nils can be isomet- 
rically embedded in CH^ as a horosphere. Second we are going to show that 
S1(2,M) can be embedded in CH^. We consider S1(2,M) as 

S1(2,M) = {{z,w) e C^l - \w\^ = 1} 
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and the trivialization of its tangent bundle given by the vector fields y(z,w) — 
{iz,iw), E^zw) ~ ^(zw) ~ (^^)^^)- Then we can define a 1-parameter 

family of metrics {gpl P > 0} on S1(2,M) by 

gpiE\E^) = 6ij, g^iV,V) = P, 
gpiV,E') = 0, i = l,2. 

In the next result we described, without proof again, the more relevant 
properties of these Riemannian 3-manifolds. 
Proposition 2. 

(1) {Sl{2,U), gp) is a Riemannian homogeneous 3-manifold with isome- 
try group U^{2). 

(2) The Hopf fihration H : S1(2,M) ^ M2(-4), defined by 

Ii{z,w) = {zw, ), 

is a circle Riemannian submersion from (Sl(2, M), 51^) onto the 2- 
dimensional hyperbolic plane of constant curvature —4, with totally 
geodesic fibers and the unit vertical vector field ^ = ^ is a Killing 

field. The bundle curvature is 

(3) The map 

Gp:{Sl{2,R),gf,) CM\-{1 + (3)) 

iz,w) ^ [iz,w, + /?))], 

is an isometric embedding with 

G;3(S1(2,M)) = := {[(^0,^1,^2)] G CM2(-(1 + ^)) | \z2\ = + /?)}• 

In general an oriented hypersurface of M^(c) is called pseudo-umbilical 
if the shape operator associated to a unit normal vector field rj has two 
constant principal curvatures, A and /i of multiplicities 2 and 1 respectively 
and Jr] is an eigenvector of fi, being J the complex structure of M^(c). 
Montiel and Takagi classified the pseudo-umbilical hypersurfaces obtaining 
the following result: 

Theorem 1 ([M, T]). The geodesic spheres, the horosphere and the hy- 
persurfaces {Mj3 I /3 > 0} are the unique pseudo-umbilical hypersurfaces of 
M^(c). Moreover in all the cases the Killing field ^ on the hypersurface is 
given by ^ = Jr), where rj is a unit normal vector field. 

In the case of the Berger spheres, the principal curvatures A and /x of the 
isometric embedding Fq, : — M^(l — a) are given by A = s/a, ji = 
Hence if a is the second fundamental form of the immersion F^, then it 
follows that 

a — 1 

(2.1) {a{v,w),r]) = y/a{v,w) H i^{v,0{'^,0^ 
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for any vectors v, w tangent to where (, ) denotes the metric of M^(l — a) , 
as well as the induced metric Qa- 

To finish this section, we are going to consider the first standard isometric 
embedding ^' : CP^(1 — a) — > M^, a < 1 of the complex projective plane into 
the Euclidean space M^. The geometric properties of this embedding were 
studied in [Rl] and we emphasize the following one which will be use in the 
proof of Theorem 7. 

If a is the second fundamental form of the first isometric embedding of 
CP2(1 - a) in R^, then 

(2.2) 

{a{x,y),a{v,w)) = 2(1 - a){x,y){v,w) 

+(1 - a){{x,w){y,v) + {x,v){y,w) + {x,Jw){y,Jv) + {x,Jv){y, Jw)), 

for any vectors v,w,x,y tangent to CP^, where J is the complex structure 
of CP^ and (, ) denotes the Euclidean metric of M^. 

3. Surfaces in the Berger spheres 

In this section we are going to set out some known properties of constant 
mean curvature surfaces of S^, which will be use along the paper. 

First of all, since ^ is a unit Killing field on for any vector field X 
tangent to we have that 

(3.1) V3c^ = Va{XA0, 

where V° is the connection on §^ and A is the vectorial product in the 
3-manifold . 

Now, let ^> : S ^ §3 

an immersion of an orientable surface S and N 
a unit normal vector field. We define the function C : S — ^ M by 

where (, ) is the metric in §^ as well as in E. It is clear that < 1 and that 
{p € S I C^(jo) = 1} = {p € S I ^(p) = ±N(p)} has empty interior because 
the distribution orthogonal to ^ on §^ is not integrable. If 7 is the 1-form 
on S given by j{X) = (X,^), then from (3.1) it is easy to prove that 

d'y = -2y^CdA, 

and hence, if S is compact, then Jj.C dA = 0. 

We can interpret the function C in terms of the immersion Fq, o $ : S — 
M4(1 - a). In fact, if n is the Kahlcr 2-form on - a), then 

(F„ o$)*(Jl) = CdA. 

This means that C is the Kahler function of the immersion o $. Hence, if 
S is compact and a < 1, we have that the degree of FqO^ : S — CP^(1 — a), 
which is given by 

degree (Fa o^) = / ^ ^A, 

is zero. 
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On the other hand, the Gauss equation of $ is given by (see [D]) 

I |2 

(3.2) K = 2H'^ - + a + A{1 - a)C^ 

where K is the Gauss curvature of S, H is the mean curvature associated 
to N and a is the second fundamental form of $. 

Suppose now that the immersion # has constant mean curvature. We 
consider on S the structure of Riemann surface associated to the induced 
metric and let z = x + iy he a conformal parameter on H. Then, the 
induced metric is written as e^"|(izp and we denote by = {dx — idy)/2 
and dz = {dx + idy)/2 the usual operators. 

For these surfaces, the Abresch-Rosenberg quadratic differential 9, de- 
fined by 

e{z) = ({a{dz,dz),N) - ^Ll^(ci>,,e)2) {dzf, 
\ H + i^a J 

is holomorphic (see [AR],[D]). We denote p{z) = {a{dz,dz), N) and A{z) = 

Proposition 3 ([D, FM]). The fundamental data {u,C, H,p, A} of a con- 
stant mean curvature immersion $ : S — > satisfy the following integra- 
bility conditions: 



(3.3) 



' P-Z = 


2(1 - a)e^"Cy4, 




— (iJ + zv^), 


Cz = 


-{H - i^/^)A - 2pe-^''A, 






\A\- = 





Conversely, ifu, C : S ^ M with —1 < C < 1 andp, A : T, ^ C are functions 
on a simply connected surface E satisfying equations (3.3), then there exists 
a unique, up to congruences, immersion $ : S — > with constant mean 
curvature H and whose fundamental data are {u,C,H,p,A}. 

Finally, using (3.2), the Jacobi operator L : C°°(E) C°°(S) of the 
second variation of the area defined in section 1 becomes in 

L = A + |cr|2 + 2a + 4(1 - a)(l - C^) 
(3.4) „ „ 

= A - 2K + 4(i72 + 1) + 4(1 - a)C2, 

being A the Laplacian of S. It is interesting to remark that as ^ is a Killing 
field on Sj^, then C = N) is a Jacobi function on S, i.e. LC = 0. 

4. Stability of constant mean curvature spheres 

In this section we are going to study which constant mean curvature 
spheres of are stables. The constant mean curvature spheres of §^ are 
surfaces invariant under a 1-parameter group of isometries of U (2) and their 
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existence was announced by Abresch in [A]. More recently, Torralbo [Tr] 

has described and studied them, showing that: 

For each real number H >0 there exists, up to congruences, 
a unique immersed constant mean curvature sphere Sa{H) 
in with constant mean curvature H. 

So in each Berger sphere there are a 1-parameter family of constant mean 

curvature spheres parametrized by the mean curvature H, with H E [0, oo[. 

All the minimal spheres in this family are nothing but a great equator in 

S^, that is, up to congruences 

5o(0) = G I 9(u') = 0}, Va>0. 

Almost all the spheres Sa{H) are embedded surfaces, but in [Tr] it is proved 
that when a is very close to zero there are constant mean curvature spheres 
which are not embedded (see figure 1). 




Embedded 
CMC spheres 



0,04 " 

Figure 1. Non-embedded region of CMC spheres 

Theorem 2. There exists uq s]0, 1[ (uq ^ 0.121J such that: 

(1) for a> ao the spheres {Sa{H) | .ff > 0} are stable in S^, 

(2) for a < ao, there exists H{a) > such that Sa{H) is stable in if 
and only if H > H{a). (See figure 2). 

Proof. If an orientable compact constant mean curvature surface of 'E>^ is 
stable, then the index of the quadratic form Q associated to the Jacobi 
operator L is one, because (see Corollary 9.6, [PMR]) the index must be 
positive and if the index is greater than 1, we can easily find a smooth 
function / with f dA = and satisfying Q{f) < 0, which contradicts the 
stability of S. Now, among the constant mean curvature surfaces with index 
1, Koiso in [K] (see also [S]) gave an stability criterium that we are going to 
use to prove the Theorem. 
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Theorem 3 ([K, S]). Let ^ : T, ^ be a CMC immersion of a compact 
orientable surface S. Suppose that S has index 1 and J-^fdA = for 
any Jacohi function f , i.e., any function satisfying Lf = 0. Then there 
exists a uniquely determined smooth function v G kerL-*- satisfying Lv = 1. 
Moreover S is stable if and only if Jj. v dA > 0. 

In order to use Koiso's Theorem, we start by proving the foUowing result: 

The quadratic forms associated to the Jacobi operators of 
any constant mean curvature sphere Sa{H) are the same. 
In particular their index is one, their nullity is three and 
Jy^ f dA = for any Jacobi function. 

Let $ : S — > §^ be a constant mean curvature immersion of a sphere. 
Then the Abresch-Rosenberg holomorphic differential vanishes identically 
and so from (3.3) we obtain that 

Cz = :\ + 1 - (1 - oc)C^), 



H + i^/a 



As + 1 — (1 — a)C^ > 0, the only critical points of C are those where 
A vanishes, i.e., taking into account (3.3), those with = 1. Moreover, 
using (3.3) again, the determinant of the Hessian of C in a critical point is 
(iJ^ + a)^ > 0. So C is a Morse function on S and so it has only two critical 
points p, q which are the absolute maximum and minimum of C. 



Using one more time (3.3) it is easy to check that log y is a har- 
monic function with singularities at p, q and without critical points. Hence 
there exists a global conformal parameter z on the sphere E such that 

(log ~ log kl' ^o the function C of any constant mean curva- 

ture immersion of S is given by 

Conversely, let C : C — M be the function C{z) = {fjr^px, H a nonnegative 

real number and a Berger sphere. We define the functions A,p : C ^ C 
and u : C ^ M by 

2{H + i^/a)z 



A{z) 



4(l-a)|z|2 + (i72 + a)(|z|2 + l)2' 



2n(.) ^ 4{\z\' + inH' + a) 

(4(1 - a)|z|2 + (ij2 + a)(|z|2 + 1)2)2 • 
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Then it is easy to check that these functions satisfy the equations (3.3) and 
so Proposition 3 says that there exists a conformal immersion $ : C — >^ 
with constant mean curvature H. Wc note that for any H and for any 
Berger sphere the immersions have associated the same function C. 

Also, from (3.3) and (3.4) it is straightforward to check that the Jacobi 
operator L of the immersion $ is given by 

gg-2«(2) 

L = A + g, q{z) 



(|z|2 + l)2- 

Suppose that $ : C ^ §1 is an immersion with constant mean curvature H. 
Then its Jacobi operator is L = A + g, with q{z) = ^fpsipjj^- As qe^'^ = qe^"^, 
the quadratics forms Q and Q of $ and $ satisfy 

Q{f) = [ -/(A/ + qf)e^^dz = [ -fie'''' A f + ge^"/) dz 
Jc Jc 

-f{e'^Af + q^^f)dz = Q{f), 



Ic 



for any smooth function / : C — > M. Hence all the constant mean curvature 
spheres have the same quadratic form of the second variation. In particular, 
all have the same index and nullity. Also it is clear that the above property 
keeps for constant mean curvature spheres of the round sphere Sf whose 
index are 1 and their nullity are 3. 

To finish the proof of this first step, as the Berger spheres have 4 lin- 
early independent Killing fields and the constant mean curvature spheres 
are invariant under a 1-parameter group of isometrics, then all the Jacobi 
functions come from Killing fields of the ambient space, i.e., if Lf = then 
there exists a Killing field V on the ambient space such that / = {V,N). 
Now it is clear that if denotes the tangential component of V, then 
div = 2Hf, and hence Jj. f dA = if the sphere is not minimal. In the 
minimal case is easy to prove the same property. Hence the proof of our 
claim has finished. 

Now from Koiso's result, there exists a unique function v € (ker L)-*- with 
Lv = 1. It is clear that another function / with Lf = 1 is given by / = v+fo 
with /o G ker L and hence f dA = J-^v dA. So for the stability criterium 
we can use any function / with Lf = 1. 

In order to get a solution of Lf = 1, it is convenient to reparametrize 
the spheres by e'^ = z. Then if w = x + iy, the function C becomes in 
C{x,y) = tanhx and the induced metric in e'''"\dw\'', where v{x,y) = v{x). 
A simple computation shows that the equation Lf = 1 becomes in 

nx) + ^f{x)- 



cosh'x {{H^ + a)cosh''x + l-a)f' 
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It is straightforward to check that if h{x) = tanh x, then 



m = < 



} — — [1 — h{x) arctanh(/i(a;))] , when a < 1, 
2(ii^ + 1) 

2(jj"2 _|_ ^^^"^ arctan(/i(a;))] when a > 1, 



is a solution of L/ = 1. 
Now 



JC 



When a > 1 , the above integral is always positive and hence the correspond- 
ing constant mean curvature spheres are stable. On the other hand when 
a < 1, the above integral is positive in the region showed in the figure 2, 
where the painting curve has implicit equation J f dA = 0, i.e. 



3\/H'^ + iVl^ + {H^ + 3a - 2) arctanh ( " ^ = 0. 

The special value ao is the solution of the above equation when H = 0, i.e., 

3a/T oe~ 

arctanh(-v/l — ao) = — — . Using again Koiso's theorem we finish the 

2 — 3ao 

proof of the Theorem. □ 




Round sphere 



Figure 2. Stable CMC spheres. 

The proof of Theorem 2 can be adapted to study the stability of the con- 
stant mean curvature spheres of the Heisenberg group and the homogeneous 
Riemannian manifolds (Sl(2, M), 51^). In fact following the same reasoning 
it is easy to see that these constant mean curvature spheres have also the 
same quadratic form Q than the corresponding spheres of S^, and hence 
their index are one and their nullity are three. Now defining a function / 
with Lf = 1 like in the case of the Berger spheres, it can be proved that 
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/s / ^ for any constant mean curvature sphere of Nils or (Sl(2, M), y^). 
Hence we obtain the following result: 

Theorem 4. For each H > the unique embedded constant mean curva- 
ture sphere in the Heisenberg group Nils i^ith constant mean curvature H is 
stable. 

For each H > 1 the unique immersed constant mean curvature sphere in 
the homogeneous Riemannian 3-manifold {Sl{2,W), gp) with constant mean 
curvature H is stable. 

Torralbo [Tr] proved that when (3 is very close to or i7 is very close to 
1 there are constant mean curvature spheres which are not embedded. 

5. Examples of stable constant mean curvature tori 

In [TU] the authors classified the compact flat surfaces in , proving that 
they are Hopf tori, i.e., inverse images of closed curved of S^(l/2) by the 
Hopf fibration 11 : — ^ S^(l/2) (see section 2). Since the Killing vector field 
^ is tangent to a Hopf torus, these surfaces have C = 0. Now it is easy to 
check that such Hopf torus has constant mean curvature H if and only if the 
closed curve of S^(l/2) has constant curvature 2H. As, up to congruences 
of S^(l/2), these curves are intersection of S^(l/2) with horizontal planes of 
M^, we get the following result. 

Proposition 4. For each H > there exists, up to congruences, a unique 
constant mean curvature embedded flat torus Ta{H) in with constant 
mean curvature H . Such torus is defined by 

Ta{H) = {{z, w)eS'\ \z\^ = rl \vu\' = r^} = §i(n) x S\r2) 

with 

2 1 , H .21 H 

ri = - -\ -1^^^= and r2 



2 2Vl + 2 2Vl + H^' 

Remark 1. We note that the torus S"'^(ri) x S^(r2) with '^i = 5 + 2^/i+h^ 
has constant mean curvature H with respect to any Berger sphere S^, a > 0. 
In particular, for = all the tori 7^(0) are the Clifford torus in S^, 

r„(0) = {(z,i^)G§3||^|2^|^|2^ 1|_ 

Now we are going to determine which of these flat tori are stable as 
constant mean curvature surfaces. As = and C = 0, from (3.4) it 
follows that the Jacobi operator of the torus Ta{H) is given by 

L = A + 4(ij2 + 1). 

Hence we need to compute the first non-null eigenvalue of the Laplacian A 
of the torus T„(i?). To do that, let <I> : ^ g3 ^.j^^ 

immersion $(t, s) = 

(rie**, r2e**). Then <I>(]R^) = Ta(H), where the relation between and H 
is given in Proposition 4. The induced metric is given by = {gij) with 
9u = (1 ~ (1 ~ for z = 1,2 and gi2 = — rfr^l — a). Therefore 
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intrinsically the torus Ta{H) is given by T = M^/A, A being the lattice in 
generated by the vectors 27rtii and 27rv2 where 



■wi = (n V 1 - (1 - a)rl, 0), V2= , 'J ==(-rir2(l - a), y/a). 
" 1/1 - (1 - a)rf 

Now, the dual lattice is generated by 



1 ,1 r2(l-a), ,^ Vl-ll 



2 



a/1 - (1 - a)r^ n' -v/« ' ' r2x/a 



and hence the spectrum of the Laplacian of Ta{H) is given by {|mu^ + 
nf2p |m,n G Z}. Taking into account that ri > r2, it is not difficult to 
check that the first non-null eigenvalue Ai of the Laplacian of Ta{H) is 
given by: 



Ai 



__ + _ when< ^^^3 i_3a 



4(i?2 + l) when a < 1/3 and < 



1-3q; 



2-y/a(l-2a) 



2i/a(l-2a) ' 



So, the expression of the Jacobi operator of Ta{H) gives the following result. 
Proposition 5. 

(1) For each a > 1/3 the constant mean curvature tori {Ta{H) \ H >0} 
are unstable in S^. 

(2) For each a such that a < 1/3 the constant mean curvature torus 
Ta{H) is stable if and only if H < ^— ^===^. (See figure 3). 




Figure 3. Stable CMC flat tori. 



Remark 2. For each Bcrgcr sphere with a < 1/3, the Clifford torus 
7^(0) is stable and in Sf^^ the Clifford torus is the only stable constant 
mean curvature flat torus. 
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6. Stability of compact surfaces 



In this section we are going to study compact stable constant mean curva- 
ture surfaces of the Berger spheres S^. We start showing the known results. 
First (see section 2), a Bcrgcr sphere has non-negative Ricci curvature if and 
only if a < 2. Ros [R2] bounded the genus of a compact stable constant 
mean curvature surface of a 3-dimensional Riemannian manifold with non- 
negative Ricci curvature. This fact joint with the classical result of Barbosa, 
DoCarmo and Eschenburg become in the following result: 



(1) The only orientable compact stable constant mean curvature surfaces 
of the round sphere (a = 1) are the umhilical spheres. 

(2) If is an orientable compact stable constant mean curvature surface 
of the Berger sphere Sj^^ with a <2 then the genus g of Tj is g < 3. 

Now we prove two stability Theorems and the more important ingredient 
to do that will be to consider the constant mean curvature surfaces of §^ as 
surfaces in M^(l — a) or even in when a < 1. 

Theorem 6. Let $ : S ^ 6e a constant mean curvature immersion of an 
orientable compact surface S with ai < a < 4/3, a ^ 1, where ai 0.217. 
// E is stable, then T, is either a sphere (in this case all the spheres are 
stable) or S is an embedded torus satisfying 



Remark 3. The above result is also true when S is a complete orientable 
surface, because Sj^, a < 2 has positive Ricci curvature and then the com- 
pactness of S comes from Theorem 1 in [RR] . 

Proof. We use a known argument, coming from the Brill- Noether theory, to 
get test functions in order to study the stability. Using this theory, we can 
get a nonconstant meromorphic map (f) : S ^ §^ ofdegreed< l-|-[(5'-|-l)/2], 
where [.] stands for integer part and g is the genus of S. Although the 
mean value of (p is not necessarily zero, using an argument of Yang and 
Yau [YY], we can find a conformal transformation F : — such that 
Jj.{F o (j)) dA = 0, and so the stability of E implies that < Q{F o Prom 
(1.1), the Gauss equation (3.2) and as \F o = 1 it follows that 



But \V{Fo(j))\'^ dA = 87rdegree(Fo0) = Svrdegree ((/>) < STT{l + [{g+l) /2\. 
Hence using the Gauss-Bonnet Theorem, the above inequality becomes in 



Theorem 5 ([BCE],[R2]). 



{H"^ + l)Area{Tj) < Att when ao < a < 1 
H'^Area{T,) < Att, when 1 < a < 4/3. 




(6.1) 
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First, if has nonnegative Ricci curvature, i.e., a < 2, then as < 1 it 
follows that (1 — q;)C^ > —1 and hence (6.1) becomes in 

27r(2 -g+[{g+ l)/2]) > J^H^dA>0, 

because the function cannot be identically 1 on S. The above inequality 
implies that the genus g of T, is g < 3. This proves the result of Ros [R2] in 
the case of the Berger spheres (Theorem 5,(2)). 

Now, in order to prove the Theorem, we use the following result of Montiel 
and Urbano [MU]: 

Let $ : S — > M^(l — a) be an immersion of a compact surface 
and fi its maximum multiplicity. If H is the mean curvature 
vector of $ and C the Kdhler function, then 

J (l^p + 2(1 -a) + 2|(1 - a)C\) dA > iTTfi. 

Moreover the equality holds only for certain surfaces of genus 
zero. 

In [MU] , the above result was proved only when the ambient space was the 

complex projective plane, but, as it was indicated in [MU], slight modifi- 
cations of the proof would prove the result also for the complex hyperbolic 
plane. 

We consider the Montiel- Urbano result for the immersion $ = i^Q, o $ : 
S ^ M''(l - a). Then, from (2.1) it is easy to see that 

4a ' 

and so (6.1) joint with the inequality of Montiel and Urbano becomes in 
(6.2) 27r(2 -g-^, + [{g + l)/2]) > f + dA, 

where F = -(C^ + 20"^ - 8e|C| + l)a'^ + 2{C^ - Ae\C\ + 3)a - (1 - C^, 
being e the sign of 1 — a. 

To determine for which values of a the function F is nonnegative and as 
< |C| < 1 and = |C|^, we define for each t G [0, 1] the second degree 
polynomial : M ^ M by 

Pt{a) = A{t)a^ + B{t)a + C{t), 

where A{t) = -{t^+2t^-8et+l), B{t) = 2{t^-4et+3) and C{t) = -{l-t^. 
Two important properties of this second degree polynomial are: 

(1) Pt(l) =4, Vt € [0,1], 

(2) the discriminant of Pt is given by 32(t - e)2(l + t^) and so for each 
t G [0, 1] Ft have two roots except when t=l and e = 1. 
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First we consider the case e = —1, i.e., a > 1. In this case A{t) < 0,Vt G 
[0, 1] and the root a{t) of the above polynomial given by 

, . _ t^ + 4t + 3 + 2{l + t)^2{l + t'^) 
t^ + 2t^ + 8t + l 

is always greater than 1. Hence for each t G [0, 1], Pt{a) > if 1 < a < a{t). 
Hence if a < min^g^^i] a{t) = g then Pt{a) > 0, Vt G [0, 1]. This proves that 
F > if 1 < a < 4/3. 

Second we consider the case e = 1, i.e., a < 1. In this case we have that 
there exists a unique to g]0, 1[ (fo ~ 0, 1292) with A{to) = 0. Moreover if 
< t < to (respectively to < t < I) then A{t) < (respectively A{t) > 0). 
Now the root a{t), t to of the above polynomial given by 

^ t^-4t + 3-2(l - t)^2(l + t2) 

' ~ t^ + 2t^-8t + l 

satisfies < a(t) < 1. Hence for each < t < and as in this case 
A{t) < 0, it follows that Pt{a) > if a{t) < a < 1. Also, if to < * < 1 it is 
easy to see that the other root of the polynomial 

^ 4^ + 3 + 2(1-^)^2(1 + ^2) 

i4 + 2t2-8t+l 

satisfies P{t) < a{t) and hence, as in this case A{t) > 0, it follows also that 
Pt{a) > if a{t) <a<l. 

Hence Pt{ct) > 0, Vt G [0, 1] if a > max^gjQj] a(t). It is clear that the 
function a{t) with t G [0, 1] has only a critical point which is a maximum. 
We define cti = maxtg[o,i] Q;(t) ~ 0.217. Hence Pt{a) > 0, G [0, 1] when 
ai < a < 1. This proves that F > if ai < a < 1. 

Finally we have proved that F > if ai < a < 4/3. Hence from (6.2) 
we obtain that 2 — g — fi + [{g + I) /2] > 0. This inequality implies that 
besides the surfaces of genus zero only the following possibilities can happen: 
fi' = li < 2 or (7 = 2, 3, /U = 1. But except for the case fi' = 1 and fi = 1, for 
the other three possibilities {g = 1, n = 2 and g = 2,3, /j, = 1) the equality is 
attained in the above inequality. In particular the equality is also attained 
in the Montiel-Urbano inequality, but this is impossible because the genus is 
not zero. Hence if S is not a sphere, S must be an embedded torus. Finally 
the estimation of the areas comes directly from (6.1) and (6.2). □ 

Remark 4. The idea developed in the proof of Theorem 6 can be used to give 
a new proof of the Barbosa, DoCarmo and Eschenburg result (Theorem 5,1) 
[BCE]). In fact, if $ : S ^ is a stable constant mean curvature immersion 
of an orientable compact surface E, then following the proof of Theorem 6 
we obtain in this case 

27r(2 -g+[{g + l)/2]) > JjH^ + 1) dA. 
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But if H is the mean curvature vector of the immersion $ : S ^ S'^ C M"^, 
then = + 1 and so, using a result of Li and Yau [LY], 

/ {H^ + l)dA= [ \H\'^dA > inn, 

being fi the maximum multiphcity of the immersion. So the above equation 
becomes in 

2-5-2/x+[(5 + l)/2] >0. 

So 5 = 0, 1 and /i = 1. In both cases the equaUty holds in the last inequality 
and hence J-^ \H\'^dA = Air. This implies that the surface is an umbilical 
sphere. 

Theorem 7. Let <5 : S ^ Sj^ 6e a constant mean curvature immersion of 
an orientable compact surface S with 1/3 < a < 1. Then S is stable if and 
only ifE is either a sphere (in this case all the spheres are stable) or S is 
the Clifford torus Ti/^{0) in ^y^- 

Remark 5. The argument of Remark 3 shows again that the above result is 
also true when S is a complete orientable surface. 

The number ai appearing in Theorem 6 satisfies ai < 1/3. So to prove 
Theorem 7 we can assume that our surface is an embedded torus. However 
for completeness we will prove the result without this assumption. 

Proof. Theorem 2 and Proposition 5 say that any constant mean curvature 
sphere is stable and that the Clifford torus Ti^-^(0) is also stable. 

Suppose now that S is stable and that the genus g oi T, is g > 1. 

As a < 1, we consider (see section 2) the embedding : — > CP^(1— cc) 
and the first standard embedding ^' : CP^(1 — a) ^ M^. So we will consider 
our surface immersed in M^, by $ = ^' o Fq, o $ : S — > M®. 

Prom the Hodge theory we now that the linear space of harmonic vector 
fields on S has dimension 2g. So let X be a harmonic vector field of S. 
Then it is well-known that 

(6.3) divX = and X = KX, 

where div is the divergence operator of E and = X]^=i{Vej Ve^ — Vve Ci} 
is the rough Laplacian of E, being {ei, 62} an orthonormal reference in S. 
For any non-null vector a G M^, from (6.3) it follows that 

dw{{^,a)X) = {X,a), 

and so J-^iX, a) dA = 0. We are going to use the functions {X, a), a G as 
test functions, i.e., we consider the vectorial function X : S — as a test 
function. Now the stability of E implies that the quadratic form Q satisfies 
Q{X) > for any harmonic vector field X on T,. Now we compute Q{X). 

If V is the connection of and {ei, 62} is an orthonormal reference on 
S, then the Gauss equation of the immersion 4> says 

Ve,X = Ve,X + {a{ei, X),N)N + {a{ei, X),r,)v + a{ei, X), 
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and hence 

2 

{AX,X) = (^{Ve,Ve, - Vv,^,JX,X) 

1=1 

2 

= (A^ X, X) - ^{(a(ei, X), Nf + {aiei, X),nf + |a(ei, X)\''}. 

i=l 

Using (6.3), (2.1) and (2.2) we obtain that 
(6.4) 

{AX,X) = - \AX\^ - 

- "^(2a + (a - 1)(1 - C^)){X,Cf - (1 - a)(5 - C^)\X\^ 
a 

where A is the Weingarten endomorphism of $ associated to the normal 
field N. 

If Jo is the complex structure on the Riemann surface E, it is clear that 

X* = JqX is another harmonic vector field on S and outside of the zeros of 
X, {X,X*} is a ortogonal reference of TE with |X| = \X*\. Then we have 
that 

\AX\^ + \AX*\^ = \a\^\X\^, 
{X^i)"^ + {X\i)^ = {I - C^)\X\'^ . 

Now from equation (6.4) and taking into account the above relations we 
obtain that 

{KX,X) + (AX*,X*) = 2K\X\^ - |crp|Xp - (8 - &a)\X\^ 

a 

Using the Gauss equation (3.2) and (6.5) we finally get 

Q{X) + Q{X*) = J (^-AH'^ - 4a + ~ (1 - C'^f^ \XfdA. 
As > 0, 1 - 3a < and E is stable, we finally obtain that 

Hence we have got that if E is stable and the genus g > 1, then C = 0, 
a = 1/3 and H = 0. But (7 = means that the Killing field ^ is tangent to 
E and hence it is parallel. So E is fiat, and from Proposition 4 E is a finite 
cover of the Clifford torus 7^/3(0) in and so E is the Clifford torus. 

This finishes the proof. □ 

Remark 6. As in Remark 4, the idea developed in the proof of Theorem 
7 can be used to give another new proof of the Barbosa, DoCarmo and 
Eschenburg result (Theorem 4, 1) [BCE]). In fact, we consider the round 
sphere as a umbilical hypersurface of M^. Then, if $ : E — is an 



COMPACT STABLE CMC SURFACES IN THE BERGER SPHERES 



19 



orientable compact stable constant mean curvature surface of genus g > 1, 
we take a pair of harmonic vector fields X,X* : S — >■ M^, which satisfy 
Jj.X dA = X* dA = 0, as test functions. Following the proof of Theorem 
7 we obtain in this case that 

(AX, X) + {AX\X*) = 2K\X\^ - - 2\X\^ . 



and then 



< Q{X) + Q{X*) < J {-4:H^ - 4) \X\'^dA < 0. 



This contradiction says that the genus of an orientable compact stable con- 
stant mean curvature surface of is zero and hence the surface E is a 
umbilical sphere. 

7. The isoperimetric problem 

The isoperimetric problem can be stated as follows: Given a Berger sphere 
§^ and a number V with < F < volume (S^) = I'n^^fa^ find the embedded 
compact surfaces of least area enclosing a domain of volume V . In this 
setting (S^ is compact) the problem has always a smooth compact solution, 
which is a stable constant mean curvature surface. 

As in Theorem 7 we have classified the orientable compact stable constant 
mean curvature surfaces of the Bcrgcr spheres S^, 1/3 < a < 1, we can solve 
the isoperimetric problem in these 3-manifolds. 

The solutions of the isoperimetric problem in S^, 1/3 < a < 
1 are the spheres {Sa{H) | if > 0}. 

In fact. Prom Theorem 7 the above result is clear when 1/3 < a < 1. 

When a = 1/3, besides the spheres, the Clifford torus is the only stable 
constant mean curvature surface. The Clifford torus divides the sphere in 
two domains of the same volume vr^y^- Now, among the constant mean 
curvature spheres of only the minimal one »Si/3(0) divides the sphere 
in two domains of the same volume tt^ ^/a. Since the area of the Clifford torus 
is Ai = 27rVV3, the area of cSi/3(0) is A2 = 2ir{l + ^ arctanh (^2/^3)) 
and Ai > A2, we finish the proof. 

For a > 1 we think that the spheres Sa{H) are not only the solutions 
to the isoperimetric problem but the only compact stable constant mean 
curvature surfaces in Sf^. 

When a < 1/3, the problem seems to be quite different, because on the 
one hand there are unstable constant mean curvature spheres and on the 
other hand there are examples of stable constant mean curvature tori. To 
illustrate the isoperimetric problem in this case (a < 1/3), in figure 4 we 
have drawn the area of the spheres Sa{H) and the tori Ta{H) in terms of 
their volumes for four different Berger spheres (see [Tr]). 

When a = 0, 25 < 1/3, the spheres Sa{H) are the candidates to solve the 
isoperimetric problem. But we can find a Berger sphere §^ (a ~ 0, 166) for 
which the minimal sphere Sa{0) and the Clifford torus 7^(0), which divide 
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Figure 4. Graphics of the area of Sa{H) (soUd Une) and 
Ta{H) (dashed Hne) in terms of the volume for different 
Berger spheres 



the Berger sphere in to domains of the same volume, have the same area. So 
both are candidates to solve the isoperimetric problem. When a = 0, 14 all 
the spheres Sa{H) are stable because ai < 0, 14 (use Theorem 2), but there 
is an interval of volumes centered at ir'^y/a. for which the tori Ta{H) are the 
candidate to solve the isoperimetric problem. Finally, when o; = 0, 06 (in 
this case there are unstable spheres), the tori Ta{H) are again candidate 
to solve the isoperimetric problem when the volume is neither close to 
nor I'K^^foL. In this case there are noncongruent spheres enclosing the same 
volume. 
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